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The solut ion is obtained of the conjugate p rob lem of s t e a d y - s t a t e  convect ive  hea t  exchange 
between two v i scous  fluids s e p a r a t e d  by a th in-wal led  wedge.  The solution is employed  in 
the des ign  of hea t  exchanger s  of  the " s t a r "  type.  

1. S teady-s ta te  heat  exchange is cons ide red  between two di f ferent  v i scous  fluids s e p a r a t e d  by a th in-  
wal led  wedge of finite s ize  with the f l a re  angle equal to rrfl (Fig. 1). The s u b s c r i p t  ~ r e f e r s  to quanti t ies  
in the reg ion  ~ (ce = 1 or  2). Hydrodynamic  computa t ions  for  the boundary l aye r  employ  the solution of the 
flow pas t  the infinite wedge.  I t  was  shown in [1] that  in this case  the flux r a t e  at  the boundary  of the bound-  
a r y  l a y e r  is given by 

U,, (x) = U,,,~ (x lL)  "~  , m, - -  [3/(2 - -  15), m,,. -0= (2 - -  13)Ii5. 

To solve our  p rob l em  the equations of a s t a t ionary  boundary l aye r  a r e  used ,  the hea t -conduct ion  equa -  
t ion for  the wedge wai ls  and the app rop r i a t e  boundary condit ions,  the heat  flux q0(Y) for  x = L being given 
in advance .  In view of the s y m m e t r y  of our  model  it suff ices  to solve the p r o b l e m  for  one wedge wall  only 
under  the condition that  

0 #I~ a.raT< d!s .... o ,  .,,- ,-o. 

- - l l  

By introducing the d imens ion les s  coord ina tes  x, y .- z -- x/L,  ~1<~ = (m,, -~- 1)R% ~ - (--1) ~ 

(y '.- H..,~),'L in the region ~ ,  x, y -- z = x ,' L, .~ --: y / L on the wedge wall  and introducing the flow function 
%,=v~, {(2;(m~ -i- 1)) R%z "'~ ~ '  }t '~L, 0b,), R% :-: Uo,~ L%~ one can wri te  the conjugate hea t -exchange  p r o b l e m  as  
follows: 

f ; ;"  ! - f , , f ;< - ! - f l < , [1 - (L~ ) -> ] , -o ,  f ,~ (O)  - f;~ (0 )  --- O, f ; , . (  , - ) = :  i I L  r  
- ' - ~  I . ' 2 - - p ,  ~-~' 

~ .  (z, ~ )  �9 :: 0, 

0-'O~ -I- f~Pre 00~ _ 2 P r ~  zf~ 00~ _ Pr~Ec.z.,,,~ (f~)2. 
Oq~ Oq~ m~ _,,a 1 Oz . . . . .  �9 

c?2f')~ -'.- 0~" - -  0, 
az"- a ; " -  

(--1) ' M < , h z  - " . . . .  : 

\ OI la  I l i a  = o  "--O-~'];=_h~_,< z 

0 

�9 h 

" T Pl'~ ~ v~pc~c~/ka, E% = U6,~/% ~,L' 

(1) 

(2) 

(3) 

(4) 

(4), (5) 

(6)-(S) 

@ 1 i/2 
Mr~=(k j k~ )  (nq- j  1)R% j ( L / H ) , h - = H / L ,  
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Nu. = - - L q o / k . T . . .  T~ ---- T . , ,  (0~ �9 [. 1), T,., =: T~.,~ (Oa -q- 0o8~, ~ -}- 1), 

(0,) :::: (T..,~/T~,,O - -  1. 

Similarly as in [2], Eq. i3) and the conditions (7) and (85 a re  averaged over  the dimensionless  thickness h 
of the wall of the wedge. Assuming that the wedge walls a re  adequately thin one can set  

0 

<').~ I~,.,,-~ o~a~. ~ o~).~= ,, (9) 
- - k  

Thus by using the conditions (4), (5), and (9) one obtains 

- M ~ z  :" ,----=-", = 0 ,  (10) 
az  z \ Orb l~,,=o , . 

o 

, )  , . . . .  ( ,1> 
~--TiT--z . .~ .  h ,) " " 

�9 - h 

(ae).I.,~o _ _ ) ~ / ~ = o  = O. O~{,)_j = 0..(,..= o ', % (12), (13) 

The solution of the heat  problem (2), (6), (10)-(13) is sought in the form (which is also suitable for 

any m i , m2), 
% (z, ~ )  = o~> (z, ~ )  ~,- %-'> (z, ,),,)-'- o~) (z, ~5 ,  (14) 

0~)= Y(~!k,~ (~l~)exp P r ~  ~ . n - -  ~,l ..... Y(~!~.o(0) =0 ,  (i = !, 2), (14') 

, v k x  "q(~ 

"F~. f~kd)l,~ ' m)" , 1 # o '  _~,(o 1 
�9 2 " - ~  t~,*,n (0) = 0. 

0 0 

�9 ( i )  ~(o --=-1 [- 4~k,. (;)~p.) , n q  ] 3 m . - I - 3  (15)  , pk,u ~ - - k  -I ~ n '  
.~.k,,, m~-l- I 2 2 

{ 2m~, i = I, 

O ~q---= 2m~, i =  2, 
0, / = 3 .  

By insert ing (14) in (2), (i0), (135 and comparing the coefficients of equal powers of z for each O~(i) the 
following r ecu r r ence  relat ions a re  obtained 

j" ~,i8o,~8o,,,{I) ~ ,,(o" '0' ' ( ~ )  

+ -  ~q. 

(1)~ = Pr .Ec . . I  {.[ [[: 01:)]'exp { ~ P r ~  (F. 01~5 + F(q:)o,o 01:))} 

(r d yir .,.(o , X y ~ o ,  __R~i), s ~> 1. (16) X d~l~! exp {--Pr,F, o o} ~le ,* ==" . . . .  

In an expanded form (16) is as follows: 

" , ,  t )  i t o , ~ 0 . . . 0  
. .  ] ~(o l . )  

Y~,:,_,(o) = l "F'. "7 ' ;  i 

_l t o o  . . . . .  ~ 

! [- vl?~ '-' (~ IR'~'~ ~e,,, ] 
>< i -  '711  

] 1 
r M ~.k{O ](i) t(i) ~0 (i) ~,,# = ~l~'k.n 2.#.n--h tt~,n == M hl l...i.l~k,n_;,k_l,#, 

(i, S exp {--Pr~,F(~)k,.} dq,,,* 
0 

* In Appendix 1 the formulas  a re  given for evaluating approximately I(~!k,n, ~r 
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F ig .  1. Model  of  hea t  exchange  b e -  
tween  f luids s e p a r a t e d  by a t h i n -  
wa l l ed  wedge .  

ro( ) 
. . . .  1 Pe(x) 

Fig .  2. Model  of hea t  exchange  
be tween  f luids s e p a r a t e d  by a thin 
p la te .  ( 0 T s / 0 X ) x =  0 = 0; P~(x)  
= P0, ~ - p a U 2 ~ / 2 ( x / L )  2 m a ,  mo~ 
_>0. 

~)n  (i), (1) ,x D(O l(O,h /nx~ ~ ~ , /(1) =: Irk. rt[~k,/1.--1 ), s n := 1,0"t~l[V]Ol)iU0,h_lO0,,~ -i" 0,1 (O.). (0)~.2, / -I- 0088)i)80)kS0)n-1" 

The  r e c u r r e n c e  r e l a t i o n s  (16) ( together  with (14')) a r e  so lved  for  s = 1, 2 as  fo l lows :  

2,'.-o - -  Is., XRI ~ 
{ -r(i) ,r(i) ~(i) ~s,s--I X . . .  ~.-bl,)., S~>~., 

*s,~, : E, s = ).. 

To find Y0 (3) (3) = Y1,0,0(0) = | 0, 0) one e m p l o y s  the bounda ry  condi t ion  (11). 
b o u n d a r y  condi t ion  (12) is a l r e a d y  sa t i s f i ed  in view of  the a s s u m e d  f o r m  of the so lu t ion  (14), (14').) 
i n s e r t i o n  of (14) into (11) (using (17)) r e s u l t s  in 

3 -}-= 

" '" l  RI'), y[:)) i=, , : ,  . I " ) - -  __d (z r,(i) Z , ) : - ,  
-F -> ' "~ " dz " 

l (:0 . g.,(3) ~-s ,"- Js,O 

[ mt-~'3 k-~- m2@3 (s--k) l 
Z~ . . . .  z - -T - -  - "  ': �9 (17') 

s@ 1 

The  t e m p e r a t u r e s  of  the wedge  wall  and of  the hea t  flux f r o m  the fluid to the wedge  a r e  now w r i t t e n  down, 

T s T~  l(l-[- yo(3)( | - [  - 2Zs ,'r,(3)] : s'[2,z, -",'",1 ,, ,:,,:,,/ ( i8 i  
, . , - ~ s . l  I ) ~ * ~ l  I ' S=I i:=1 s=l  

rn~z-- 1 
qs[,,=-n~,--=- k ~ ( T |  M. .  h z - - T - -  I (3) z2ma ((D~ (=) . ( o ) / & . o . o )  . ~, I (O()/l.-.o,o) 8..,~ q-  

z~? ) ( ] / / ; 2 o ,  o) - ' ~ ( ~ )  "" ' !-'~ Z, ~'(~)] ~u), . ,r( ;) l  . D(i)~ (19) 
s~l  i= I ~-- I 

(i) (} () [ [ I ." / ,~.o.~ . . . 

",) , 0 I 0 1/1~ ,~-L . . .  = = B ~ i ~ "  

l o o . . .  

F r o m  (18) and (19) one can  find Nuo~ = - ( L q s  [y= _H62, o ~ ) / k a ( T s - T o o  ' a ) '  I t  is  not  diff icul t  to show with 

the aid of  the inequa l i t i e s  (II .4)-(II .  6) (Appendix II) that  the s e r i e s  a p p e a r i n g  in the e x p r e s s i o n s  (18)-(19) a r e  
conve rgen t .  

I t  is  noted tha t  the so lu t ion  (18), (19) o f  the conjuga te  p r o b l e m  (1)-(8) was  obta ined  by neg lec t ing  the 
i n t e r ac t i on  be tween  the boundary  l a y e r s  on d i f f e ren t  wa l l s  of  the s a m e  r eg ion  a as  wel l  a s  the e f fec t  of  the 
ends  of  the edge on the flow. 

2. The  above  so lu t ion  is su i table  for  d e s c r i b i n g  the hea t  exchange  fo r  the mode l  (Fig.  2). (For  any 
rn i , m2). In this case to calculate fl~ appearing in (i) the formula rice = 2 m a / ( m a  + I) should be used. 

The expressions (18)-(19) simplify considerably for m i = m 2 = 0, P r  I = Pr2: 

. / / d D l  3) 
V(o 3) = (M~r 1 (0) -~- Mo ((l)~ (0) + Oo)) / (M,  + M~) -I- N u o /  | ~ /  

" / \ d z  Jz=]  ' 

(17) 

(It should be mentioned that the 

The 
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Fig.  3 

1,1 . ~  )_ ._~  

Fig.  4 

Fig .  3. Heat  exchange for  a " s t a r "  type const ruct ion.  In region 
1 a source  is ac t ive  with output E (r = 1, 2 . . . . .  N). 

Fig.  4. A model  showing the physica l  meaning  of the p a r a m e t e r  
M. p(x) = po -P t~o /2 (x /L)  2m, m _> 0. 

P / f d~ ] ~uoD? ~ O==(/~ 1 + M~_) z 3i2, [ '  + (~ / 

q.,I,,:o ~ k< ( r= . , /s . )  M ,  (hl~ '/~') 

�9 "<~> - -  N" "A?~ ( " )  \ 7 7 - - .  ~_, I • M~ (O1 (0) - -  �9 k (0) - -  O,)t (M, I M~) ,,.,, 0 

q.,iv=-n " : k.~ (T| ilL) M~ (h/z I''~ 

- , ""~> Nuoal3) (") t , ~  X M1 (0o -1- O .  ( 0 ) - -  �9 1 (O))/(M I -:- M2),l,o.o-- , : ,  ' 

In con t r a s t  to [3], in the solution (18)-(19) obtained by us for  m I = m 2 = Nu 0 = 0 the d i ss ipa t ive  t e r m s  in 
the ene rgy  equations for  fluids and the lengthwise hea t  conduction of the plate a re  taken into account.  

3. Employing  the s a m e  method  of solution one can a lso  evaluate  the heat  exchange of the model  shown 

in Fig.  2 but with the boundary condition 

\ dx , .~,, - -  qt (!/). (20) 

By c a r r y i n g  out the p rev ious ly  desc r ibed  t r a n s f o r m a t i o n s ,  the boundary condition 
0 

dOlln'=~ - Nilm' Nui " k.T=,]h q,d~, (21) 
dZ z=O 

--h 

is obtained which should now be used ins tead of (12). F o r  (21) to be taken into account  we introduce in (14) 
the additional t e r m  | ~la) which can be de te rmined  by the fo rmula  (14') with p(4) = 1. This  r e su l t s  in 

additional t e r m s  for  (18), 
+ =  

~lu,z ( 1 -!-- ~ Z s :r T[~lo) (22) 
s--l 

and in the square  b racke t s  of (17') and (19) one now has  r e spec t i ve ly  
+| 

+ :EL':>• )) " ' " < " " r " > l  ' , l__,z,~n,<,,~..~ ~.o / �9 ( 2 1 ' )  
s=l s=l 

These  solut ions enable  one to compute  the heat  exchange for  a cons t ruc t ion  show~ in Fig.. 3. The e x p r e s -  
s ions  (17'),  (18), (22), (22') for  T s , r ( 0 )  c a n b e  r e p r e s e n t e d  by T s , r ( 0 )  = s  (l) + q l , r / s  (2~ ( e r  (j) a r e  in-  

t roduced to shor ten  the notation).  

The  solution of the s y s t e m  of (N + 1) equations obtained f rom the hea t -ba l ance  condition in the r e -  

gion 1 is as follows: 
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N N 

: ( E  + o,'> o , '> -  - - . . . . . .  

r =  I r ~ l  

w h e r e  ~ s  is  the  t e m p e r a t u r e  of  the  r e g i o n  1. 

B y  i n s e r t i n g  T s ,  q l , r  in (18), (19), (22), (22') t h e r m a l  f ie lds  a r e  ob ta ined  in each  p l a t e .  

4. In  conc lus ion  the  p h y s i c a l  m e a n i n g  o f  the p a r a m e t e r  M wi l l  be d i s c u s s e d  in m o r e  de ta i l .  

D u r i n g  the  t i m e  At t h e r e  c o m e s  f r o m  the fluid into the v o l u m e  AV the a m o u n t  of  hea t  qs  = k ( ~ T  
/ a y ) y =  0AxAzlAt ~ k [ ( T s - T o o ) / 5 ] A x A z l A t ,  w h e r e  5 ~ L [ 2 / ( m  + 1 ) R e P r ] l / 2  is  the  t h i c k n e s s  of  the h e a t  
b o u n d a r y  l a y e r .  D u r i n g  the s a m e  p e r i o d  of t i m e  t h e r e  c o m e s  into the s a m e  v o l u m e  s o m e  a m o t m t  of  h e a t  
p r o p a g a t e d  a long  the body  q = k s (02Ts / ax~)AxAz l I - IA t  ~ k s [ ( T s - T o o ) / L 2 ] A x A z l I - I A t .  Hence  one can  see  
tha t  

q/q ~ M V ~  

T h u s  the  s i m i l i t u d e  c r i t e r i o n  which  invo lves  the hea t  p a r a m e t e r s  of  the fluid as  wel l  a s  of  the body  
shows  how m a n y  t i m e s  the hea t  f lux f r o m  the f luid is  g r e a t e r  than  the  h e a t  f lux p r o p a g a t e d  in the body.  I t  
should  a l so  be  m e n t i o n e d  tha t  such  s i m i l i t u d e  c r i t e r i o n  is  e s p e c i a l l y  c h a r a c t e r i s t i c  fo r  con juga te  h e a t - e x -  
change  p r o b l e m s .  

a) T h e  funct ion  I ( P r ,  ~) = 

A P P E N D I X  I 

exp {-PrQ}dr/ is studied where 
0 

S Oq, ,.. lJrq ,~ Pi'/~ 
(~ - "  ' td l l '  Oi I 2 : :  k/' } - - T -  

o 

, q' 1,~=o = O. (I. 1) 

F r o m  (I.1) one  e a s i l y  ob ta ins  
i - { - =  i l  ~," 

O! _ f Oil j'</,i' t' lk/'(,i") i Prf:(,i")lexi'{Prlqt,i")--Q (,i')--Q('l)]},l'i", I ,-777,: . . . . . . .  j . 
.I 0 II C) 
I 

I 7 i r O! .... Pr dq dq' ]" (q"lexp{priQ(q")- -Q(q ' ) - -Q(q) l}dq" .  
O k  . . 

(I (l O 

I t  w a s  shown in [1] tha t  f '  _~ 0 fo r  fl _> O; t h e r e f o r e ,  (I.2) i m p l i e s  tha t  

u sed .  

([.2) 

Ol Ol 
Opim < 0, ~ < 0. (1.3) 

b) By  u s i n g  the m e t h o d  of  s t e e p e s t  d e s c e n t  one can  d e r i v e  the  fo l lowing a p p r o x i m a t e  f o r m u l a s  [2]: 

/(0 ) (i) = [~ tO)), 'll~ (0) :-  r (Pr Pr~, t k (~1 =.,.,, = I (Pr ~ Pr~,, k . . . .  ~./,. .... 15 = 15~, a . . . . .  ~.o,0, 15 =: 15~, a = f~ (0)), 
_[ . . . . . .  r q - I  

I ~. d,.F _ I_ Pr , do=: , d r -  
\ 3 } 3 \ Z,t ] 18a 

r = : O  

648ka a [ Za J i 378aL 63L2a 15552~a a 

3 [15~(1- -1215) -F  13Pr15~(~2--I) 3155 ] 
d5--  Z~a ~ 840a 840Za - i - - - 1 2 8 a  5 ' " "  

To  eva lua t e  I ( ~ ! k , n  in the  c a s e  of  s low c o n v e r g e n c e  of  the s e r i e s  the E u l e r  t r a n s f o r m a t i o n  should  be  

, Ct~l__~)I/3 1115a ' 6  ..~/3 d* 915" 
r  '/3 trPr-rlS, do=--~ -- , d ' l ' -  18 l ~ a )  ' '>= 8ka 

r ~ D  
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* 2 (__~_)t/a.[215[~ a _I~ ] * a3[1-l-178~ Pr]3(l + 12~) l, 
da = ~ / 1296a 15 [ 6 lq-4[~ j. Ar=3dr, 

f 

d~Ar-tmh,,r, r...< 3, 
k = O  

d*kA*r-#.,r, r > 3 ,  
[k==r--8 

N--I  1 

i~n~oXksr(n)-[--2 -Xk,r(N)-l-Jl,r-]-J2,k,r'pr>2,, 
COk,r 

( y~=o 

[ [._l ,_.:,+2). 1 J,,, ~ 1  --  N-g-exp (---8N) -[- e ' U  F ~ 3 ' eN . r ~= 1, 

I Ei(--~:N), r =  1, 
3 

| r--4 4--r  

4 s , :  = 
gk)r ~ .  t . .  ----~I2,Lt--e;N}, r = 4, 

r = q - r - - S k - - 8  
xk'~ = 18 ' Xh'r(n)= 

F ( n + r - - ~ )  ( P r - - 2 ]  ", [ 2 ), 
�9 = �9 e . = - - I n  l - -  

r(n-t-l)(an-l-k-I-l) \ P r  ] ~ r  

r ( n ,  r )  denotes the incomplete gamma-funct ion;  E i ( r )  denotes the integral  exponential function: N is a 
suitably la rge  number .  

A P P E N D I X  I I  

I t  c a n  b e  s e e n  f r o m  ( 1 5 )  t h a t  f o r  k + n = s o n e  h a s  

~(:)~_p(O_{_ s ( . ( 0  . (0 . . . .  (i) s -I- 
,,~ --~--. p, + a) < ~k,,, ~ .~.. = , .  + T (p '  a), 

4,, (0 . 4 a ! O  

l + p, + s 

where  
Px =:: ntin {mv re.a}, p= := max {rap mz}. 

(11.1) 

(11.2) 

By using (I.3) and (11.2) one can easi ly prove the inequality 

/ ~") ' (II.3) ~'") = I (Pry ~m , m / . )  ~.-m / (Prw ,.~-m l \ l , s - - I  ~ 2 , s - - l ]  ~ 1 2 , ~ , , n - - l ,  I ,k - - l ,n  -'~.~. Jx2,s- - I  = :  

where  P r  1 = m a x { P r  t ,  Prz},  Pr l I  = min {Prt ,  Prz}. 

Thu.s, the following es t imates  froxfi (11.1} and (11.3) can be obtatnedby usingthe explicit  fo rm of the 

ma t r ix  T~i!s t: +| +| �9 Die - "~~ " "  T m ' ' ' w  Rt, ( I I . 4 )  D~a'<. ZZ,• 3), D~i)R, <. 7_ L.X , , l a~ ,  -.< 

)z=, < . . . .  ~ 
s t , 4.| (11.5) 

I d Z r{i),.T(O,.n(i) t.  d " �9 " ( z"m O(=' q~ & 
d~ 
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A.,(o'Ri.~z.~l s~< .%~X s, t X ~ l  ~zxi  a i ,  A~ a~ ~ 7 ,B (a) (" Z " B  (~ T(i) ,~(o ,--s'(o5 . ~,,., ~.~, >, 7 j  A_ a~, 
s ~ l  s = = l  

i t t2 - -n$  l 

~ = %(0)11 I- z ~ (MJM,)I-~, ,~-I-  (%(0)~,~ 
I I t | - - I I $  z 

q- %5a,~)11 -I-z ,e (M, /M2)I-X,  

7(o =: 12/(p~ -1- 3)12~ F(1 -!- 2p(O/(pj --I- 3)11 F (1 -I- 2 (p(O--:- 1)/(p.~ @ 3)) 
i ,  s S - - I  

F (s ', 1 ', 2p(i)/(pj ',- 3)) F (.s I i -I- 2(P r - -  1)/(pj--~- 3)) r l  i((. i) . I l L  " x l , r  

r~O 

m, +3 ,n= +3 

_+.~, y~,) 
"'~[~ A~ ~ %~ J.~ D(,} ?~ ~(~ o -~, = . 
s~l S = [  " 

T~ (T, Ts) 
k(ks) 
lJ 

C 

N O T A T I O N  

i s  t he  t e m p e r a t u r e  o f  i n c i d e n t  f lu id  (of  b o u n d a r y  l a y e r ,  w e d g e ) ;  
i s  the  h e a t  c o n d u c t i o n  c o e f f i c i e n t  o f  f lu id  (wedge)  ; 
i s  t he  k i n e m a t i c  v i s c o s i t y ;  
i s  t he  f lu id  s p e c i f i c  h e a t  c a p a c i t y ;  
i s  t he  f lu id  d e n s i t y .  

I, 
2. 
3. 
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